This paper considers a problem of optimal model approximation in a behavioral framework. For the class of linear time-invariant 2 -systems, an angle criterion is introduced to define the distance measure between two systems in this class. Given a system of degree n, a characterization of all optimal approximants of degree n − 1 is given. The result is derived using the notion of canonical past-future links.
Problem formulation
Following the behavioral framework advocated in [11, 12] , a dynamical system is a triple (T, W, B) where T is the time set, W the signal space and B ⊆ W T a family of mappings w : T → W , called the behavior of the system. The behavior B represents those time series that are compatible with the laws which describe the system. In this paper we consider discrete time systems with time set T = Z and finite dimensional real signal space W = R q , where q is a positive integer. An 2 -system is a system whose behavior B is a closed subset of 2 . Notions such as linearity and time-invariance carry over in a natural way to 2 -systems and are assumed to be known (See [11, 12] for details). An 2 -system is said to be complete if a trajectory w belongs to B whenever w ∈ 2 and its restrictions w F ∈ B F for all (finite) intervals F ⊂ Z. The set of all linear, time-invariant and complete 2 -systems will be the model class of interest in this paper. This class of systems is denoted by L q , or by L if the dimension of the signal space is clear from the context. * This research is supported by the Economics Research Cluster (ESR nr. 510-01-0025), which is part of the Netherlands Organisation for Scientific Research.
Definition 1.1 (Complexity)
The complexity of a system B ∈ L q is the pair of integers (m, n) that satisfy dim B| [1,N ] = mN + n for all N > n.
These numbers are well defined [7] [8] [9] , m is called the rank and n the degree of B. The rank and degree of a system have simple system theoretic interpretations: the rank m corresponds to the number of inputs and the degree n to the dimension of the state space in any (minimal) inputstate-output representation of the system B. In fact, 0 ≤ m ≤ q and one can show that m = 0 implies n = 0 and B = {0}. Similarly, m = q implies n = 0 and B = q 2 . As an approximation criterion for dynamical systems we consider the angle between two systems. This is defined as follows. Let w, w ∈ 2 be two time series and define
The angle between a time series and a closed linear subspace B of 2 is defined (with some abuse of notation) as
This minimum exists and it is easy to see that it is attained for the orthogonal projection of w onto B , i.e., θ(w, B) = θ(w, w ) with w the orthogonal projection of w on B. We therefore wish to find systems of lower degree which minimize the angle criterion. The class of all systems B that meet the specifications of Definition 1.3 is denoted by L(B, n ). Precisely, if L m,n denotes the set of systems in L with rank m and degree at most n then, with B ∈ L m,n and n < n, we define
Systems in L(B, n ) are called optimal approximants of B of degree n . Note that in the problem formulated in Definition 1.3, the rank of the approximant is required to be the same as the rank of the to-be-approximated system. This requirement is motivated by the observation that an approximant B of B with different rank will necessarily have maximum angle. In view of the angle criterion it is therefore of little interest to also reduce the rank m of B.
Past-future links
In this section we introduce the system structures that are relevant for the model approximation problem formulated in Definition 1.3. Let B ∈ L be a given system and define its past and future behavior as 
Weakest forward and backward links in B are past-future links that achieve the ratios ρ f and ρ p , respectively. The weakest gain, ρ, of B is the minimum of ρ f and ρ p , and weakest links are weakest forward or backward links that achieve this ratio. Next, we refine the notion of weakest forward an weakest backward gain of a system to a finite set of increasing past-future ratios
Here, n is the degree of the system B and the positive real numbers ρ k , the canonical past-future ratios of B, are defined recursively by setting ρ 1 = ρ p and
where, (p (j) ∧ f (j) ), the j-th canonical past-future link, is the element in B ⇔ that achieves the j-th past-future ratio
= ρ j . The following proposition summarizes some basic properties of past-future links and canonical past-future ratios.
Proposition 2.2 Let B ∈ L have degree n and let B = B
⊥ denote its orthogonal complement. Then (1) , . . . , p (n) } for B ⇐ and {f (1) , . . . , f (n) } for B ⇒ such that {x (1) , . . . , x (n) } and {x (1) , . . . ,x (n) } with
there exist orthonormal bases {p
where Before returning to the model approximation problem, we discuss how dynamical systems can be generated from time series. This is achieved by a process called completion. For a subspace S ⊆ q 2 its completion is defined as
It follows that comp(S) is the smallest 2 -complete set that contains S.
Definition 2.3
The system generated by a time series w ∈ q 2 is
B(w) := comp(span[shifts(w)]).
Here, span(·) produces the linear span of its arguments and shifts(w) is the collection of all shifts of the time series w, i.e., shifts(w) := {σ k w | k ∈ Z} where σ k w(t) := w(t + k) is the k-shift. For any w ∈ q 2 , the generated system B(w) actually belongs to L q , w ∈ B(w) for any w ∈ 2 and it is easily seen that B(w) is the smallest (in the sense of set inclusions) dynamical system in L containing w. B(w) is also referred to as the most powerful unfalsified model [11] of w in the model class L q . There exist an obvious generalization of Definition 2.3 where systems are generated by finite sets W of time series in 2 . Interestingly, every system B ∈ L q can be generated by a finite number of time series: 
Optimal reductions
Let B ∈ L have degree n and let x (k) andx (k) be an orthonormal basis of B ⇔ as defined in (2.2) and (2.3). Let p (k) ∧ f (k) denote the k-th canonical past-future link, as introduced in the previous section. Consider for k = 1, . . . , n the sets
The sets (3.1c) and (3.1d) are therefore the most powerful unfalsified models of a trajectory that consists of a truncation of the k-th canonical past-future link. It follows from Proposition 2.4 that the sets (3.1) have all rank 1. By construction,
It can be shown that the time series
are all of finite degre, so that, by Proposition 2.4 the inclusions (3.2) are equalities whenever the system B has rank m = 1. The following proposition provides a main tool in the construction of optimal approximate systems. 2. the systems (3.1c), (3.1d) have degree at most n − 1.
θ(B(x
The systems (3.1c), (3.1d) are candidate systems for approximate models as their degree is strictly smaller than the degree of B. In fact, the weakest links of B precisely define optimal approximants in the sense of Definition 1.3. This is stated in the following theorem, which is the main result of this paper and an immediate consequence of the above proposition. 
